ON GENERALIZATION OF DIFFERENT TYPE INEQUALITIES 
FOR SOME CONVEX FUNCTIONS VIA FRACTIONAL 

INTEGRALS 
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Abstract. New identity for fractional integrals have been defined. By using 
of this identity, we obtained new estimates on generalization of Hadamard, Os- 
trowski and Simpson type inequalities for s— convex, quasi-convex, m— convex 
functions via Riemann Liouville fractional integral. 



1. Introduction 

Following inequalities are well known in the literature as Hermite-Hadamard 
inequality, Ostrowski inequality and Simpson inequality respectively: 

Theorem 1. Let / : / C R — > R be a convex function defined on the interval I of 
real numbers and a,b € / with a < b. The following double inequality holds 

'a + b\ _ 1 } „ N , „ f(a) + f(b) 



(1.1) 



/ 



< 



b — a 



f(x)dx < 



Theorem 2. Let f : I C R — > R be a mapping differ entiable in 1° , the interior of 
I, and let a, b £ 1° with a < b. If \f'(x)\ < M, x G [a, b] , then we the following 
inequality holds 

b 

M 



/(a 



1 



b-. 



f(t)dt 



< 



b — a 



(x — a) 2 + (b — x) 2 



for all x 6 [a, b] . The constant \ is the best possible in the sense that it cannot be 
replaced by a smaller one. 

Theorem 3. Let f : [a, b] — > R be a four times continuously differentiable mapping 
on (a, b) and \\f^\\ — sup |/( 4 )(x)| < oo. Then the following inequality holds: 



/(<*) + /(&) , 2f f" 



1 



b — a 



f(x)dx 



< 



1 



2880 



f(4) 



(b-af 



In [5], Hudzik and Maligranda considered among others the class of functions 
which are s-convex in the second sense. 
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Definition 1. A function f : [0, oo) — > R is said to be s— convex in the second 
sense if 

f(ax + fy)<a s f(x)+f3 s f(y) 

for all x, y G [0, oo), a, /3 > with a + /3 = 1 and /or some fixed s G (0, 1] . This 
class of s— convex functions in the second sense is usually denoted by K^. 

It can be easily seen that for s = 1, s-convexity reduces to ordinary convexity of 
functions denned on [0, oo). 

In [T3], G. Toader considered the class of m-convexfunctions: another interme- 
diate between the usual convexity and starshaped convexity. 

Definition 2. The function f : [0, b] — > R, b > 0, is said to be m— convex, where 
m G [0, 1], if we have 

f(tx + m(l - t)y) < tf(x) + m(l - t)f(y) 

for all x, y £ [0, b] and t G [0, 1]. We say that f is m— concave if (— /) is m— convex. 

In [10], Pecaric et al. defined quasi-convex functions as following 

Definition 3. A function f : [a, b]— > R is said quasi-convex on [a, b] if 

f(Xx+(l-X)y) < sup {/(*), /(»)}, 

for any x, y G [a, 6] and A G [0, 1] . 

The notion of quasi-convex functions generalizes the notion of convex functions. 
Clearly, any convex function is a quasi-convex function. Furthermore, there exist 
quasi-convex functions which are not convex (see [6]). 

We give some necessary definitions and mathematical preliminaries of fractional 
calculus theory which are used throughout this paper. 

Definition 4. Let f G L [a,b]. The Riemann-Liouville integrals J"+f and J^-f of 
oder a > with a > are defined by 

X 

J " +I{X) = T{ajJ iX ~ ^ f{t)dt ' X > a 

a 

and 

b 

J?-m = p^y I (* - x)*- 1 f{t)dt, x < b 

X 

OO 

respectively, where T{a) is the Gamma function defined by T{a) — J e~ t t a ~ 1 dt 

andJ° a+ f(x) = J^f{x) = f(x). 

In the case of a = 1, the fractional integral reduces to the classical integral. 
Properties concerning this operator can be found [4] [7] |9] . 

For some recent result connected with fractional integral see [3j H] HJJ H2] . 
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2. Generalized integral inequalities for some convex functions via 

fractional integrals 

Let / :ICR->Rbea differcntiable function on 1° , the interior of /, throughout 
this section we will take 

■(x-a) a + (b-x) a ] t . . , A \(x-a) a f{a) + {b-x) a f{by 



Sf (x, A, a, a, b) = (1 — A) 



b — a 



fix) + A 



b — a 



r(a + l) 
b-a 



[J:-f(a) + J« + f(b)} 



where a,b E I with a < b, x E [a,b] , A 6 [0, 1], a > and T is Eulcr Gamma 
function. In order to prove our main results we need the following identity. 

Lemma 1. Let f : I C M — > M be a differentiable function on 1° such that f G 
L[a, b], where a,b £ I with a < b. Then for all x E [a,b] , X E [0, 1] and a > we 
have: 

l 



(2.1) 



/ \a+l r. 

S f (x, A, a, a, b) = [X ~ ^ / (t a - A) /' (tx + (1 - t) a) 

o — a J 



dt 



+ 



(b-x) 



a + l 



b — a 



J (X-t a )f (tx + (l-t) b) dt. 
o 



Proof. By integration by parts and changing the variable, we can state 
l 

J (t a - A) /' (tx + (1 - t) a) dt 
o 



(2.2) 



f (tx + (1 - t) a) 



x — a 



^-i/ (*» + (!-*)«) a 



( 1_ A ) +A /W " 



a; — a a; — a x — a J \x — a 



x — a 

a-l 



/(«) 



rfv/ 



.t — a 



x — a x — 



a ( x - a) 



and similarly we get 



(2.3) 



1 

/ 



(A -£")/' (tx + (l-t) b)dt 



(X-t a ) 



f (tx + (1 - t) b) 



x — b 



a; — 6 



X 

- [l - X) b—x +X b— X -( h - x) ^ 



b — u 
b — x 



m 

b — x 



du 



a+l x 
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(b-x) 



Multiplying both sides of (J2J2]) and ((273]) by {x fc ° } a ° +1 and 
and adding the resulting identities we obtain the desired result. 

2.1. For s— convex functions. 



53^—, respectively, 
□ 



Theorem 4. Let f : I C [0, oo) — > R fee a differentiable function on 1° such that 
/' G L[a, 6], where a,b G 1° with a < b. If \ f'\ q is s— convex on [a, b] for some fixed 
q > 1, x € [a, 6], A 6 [0, 1] t/ien the following inequality for fractional integrals holds 

\Sf (x, A, a, a, fe)| 

(2.4) < A\~* (a, \)\ {X ~ a) " + (\f (x)\ q A 2 (a, A) + \f (a)\ 9 A 3 (a, A)) ' 



b — a 



b-a 



(I/' (a;)| 9 A 2 (a,A) + |/'(&)fU 3 (a,A))« 



where 

A-l {a, A) 
A 2 (a, A, s) 



2aA 1+ ^ 



a + 1 



2aA 



i+- 



s + 1 



A 



(s + 1) (a + s + 1) s + 1 ' 



A 3 (a, A, s) = A 



1-2 1- A 



s + 1 



+ p (a + 1, s + 1) - 2p (x« ; a + 1, s + l) 



and /3 is Euler Beta function defined by 



r(s)rq/) 
r(x + y ) 



i*- 1 (1 - if _1 dt, a:,|/>0. 



Proof. From Lemma[l] property of the modulus and using the power-mean inequal- 
ity we have 

\Sf(x,X,a,a,b)\ < {X ~ a> / Itf* - A| I/' (tx + (1 - t) a)\ dt 

b-a J 



1 \X-t a \ \f'{tx + (1 -t)b)\dt 



< 



(x — a) 



Q + l 



W /i 



\t a - A| dt 



\t a -X\\f (tx+(l-t) a)\ q dt 



(2.5) 



(b - x) 
b-, 



a + l 



"« / 1 



\t a - X\dt 



|t Q -A||/' (tx+{l-t) b)\ 9 dt 
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Since|/'| 9 is s— convex on [a,b] we get 



\t a -X\\f(tx+(l-t)a)\ q dt < \t a -X\(t s \f(x)\ q + (l-t) s \f(a)\ q )dt 



(2.6) 



= \f(x)\ q A 2 (a,X,s) + \f(a)\ g A 3 (a,X,s) : 



\t a -\\\f(tx + (l-t)b)\ q dt < / r-A|(i s |/'(a;)r + (l-t) s |/'(6)Hdt 



(2.7) 

where we use the fact that 



\f'(x)\ q A 2 (a,X,s) + \f (b)\ q A 3 (a,X,s), 



\t a - X\ (1 - t) s dt = / (A - t a ) (1 - t) s dt + / (t a - A) (1 - t) s dt 



xi 
i i 

A~ A~ 1 

A J (l-t) s dt- J t a (l-t) s dt+ J t a {l-t) s dt 



1 



A" 



— A J {l-tfdt 




+ jt><X-tf*-iJiHi-tf* 



+ P (a + 1, s + 1) - 2/3 (xi ; a + 1, s + 



\t a - X\t s dt 



2aX 



s + 1 A 



and by simple computation 
l 

f \t a - A| dt 



(s + 1) (a + s + 1) s + 1 ' 



A» 1 

(A -£")(&+ /" (t a -X)dt 

o 



(2.8) 



2aA 1+ ° + 1 
a + 1 



A7 

A. 



Hence, If we use f|2T6j) . (|2J| and (|278|) in (|2T5[) . we obtain the desired result. This 
completes the proof. □ 
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Corollary 1. Under the assumptions of Theorem^ with q = 1, the inequality \2.1$ 
reduced to the following inequality 

\a + l 



\S f (x,X,a,a,b)\ 



< 



(x — a) 
b — a 



(|f (x)\A 2 ( a ,X,s) + \f'(a)\A 3 (a,X,s)) 



(b-x) c 



(I/' (x)\A 2 (a, A, *) + !/' (6)| A 3 (a,X,s))} . 



Corollary 2. Under the assumptions of Theorem^with x = 2 ^-, X — ^Jrom the 
inequality \2.1$ we get the following Simpson type inequality for fractional integrals 



(b-a 
1 



G 



f(a) + 4/ 



a + b 1 
a + b 



b-a A-i f 1 

< A-, " [a, - 

4 1 V 3 



f(b) 



, ( a + b 



T(a + 1)2 Q 
(b-a) a 



J ( V)- /(a)+J (V) +/(6) 



A 2 [a,-,s + |/'( a )|«A 3 [a,-,s 



r 



, ( a + b 



M [a,-,s )+\f (b)\ q A 3 [a,-,s 



Corollary 3. Under the assumptions of Theorem^with x = X — OJrom the 
inequality \2.1$ we get the following midpoint type inequality for fractional integrals 



2Q_1 c f a + b n h 



(b-a)"- 1 ' V 2 

a + b\ r(a + l)2 Q - 1 



< 



b-a ( 1 



(b- a y 



^ y f(a) + J^ )+ f(b) 



a + l 



I (a+b\\1 



a + s + l 



+ |/»| 9 /3(a + l,.s + l) 



+ 



\rm\ q 

a + s + l 



+ \f'(b)\ q f3(a + l,s+l) 



Corollary 4. Under the assumptions of Theorem^ with X — ljrom the inequality 
{2-1$ we get the following trapezoid type inequality for fractional integrals 

'a + b 



S 



1, a, a, b 



(x-arf(a) + (b-x) a f(b) I> + l) rTQ , Tot 
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which is the same of the inequality in [H Theorem 9] . 

Remark 1. In Corollary^ if we choose a = 1, we get the same inequality in [2j 
Theorem 7] . 

Corollary 5. Let the assumptions of Theorem^ hold. If \f'{x)\ < M for all 
x 6 [a, b] and X — 0, then from the inequality \2.1$ we get the following Ostrowski 
type inequality for fractional integrals 



(x — a) a + (b — x) c 
b — a 
l- 1 r 



f{x) I> + 1) {j ^ f{a) + ^ m 



< M 



1 



a + 1 



a + s + 1 



b — a 
+ /3(a+l,s + l) 



(x - a) a+1 + (b - x) a+1 



b — a 



for each x G [a, &] . 

Remark 2. In Corollary^ if we choose a — 1, we get the same inequality in [TJ 
Theorem 4] . 

2.2. For quasi-convex functions. 

Theorem 5. Let f : I C [0, oo) — > R be a differ entiable function on 1° such that 
f G L[a,b], where a, b 6 1° with a < b. If \ f'\ q is quasi-convex on [a,b] for some 
fixed q > 1, x € [a, b], A € [0, 1] then the following inequality for fractional integrals 
holds 



(2.9) 15/ (x,\,a,a,b)\ < A, (a, X) l {x b ^ (sup {[/' (x)\ q ,\f (a)\ q })« 



(b - x) 



a+l 



b — a 



(sup {|/'(z)|M/' (&)!*}) 



where 



A 1 (a, A) 



2aA 1+ ° + 1 
a+l 



Proof. We proceed similarly as in the proof Theorem 2J Since \f'\ q is quasi-convex 
on [a, 6], for all t £ [0,1] 

I/' (tx+(l-t)a)\ q <sup{|/' (x)\ q ,\f (a)\ q } 



and 



I/' (te + (i -*)&)!«< sup {!/' (x)|M/'(6)| 9 } 
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Hence, from the inequality ()2.5[) we get 



|5/ (x, A, a, a, b)\ 
< I [\t a -\\ dt 



\Ct + l 



{X a) ( S up{\f'(x)\«,\f'(a)f}y 



&-. 



b — a 



(■mp{|/'(z)N/' (&)|*»* 



- ^<^^< {x b fJ\ ^p{\f'^)\ 9 Af , wy• 



(b-^r 

b — a 



(su P {\f(x)\ q ,\f(b)\ q }y 



which completes the proof. 



□ 



Corollary 6. Under the assumptions of Theorem^ with q = 1, the inequality h2. 9\) 
reduced to the following inequality 



{ ( — ) a+1 

\S f (x,\,a,a,b)\ < A x (a, A) { (sup{|f (a;)| , \f (o)|» 



(b-x) 



a+l 



b~, 



( S up{|/'(x)|,|/'(6)|}) 



Corollary 7. Under the assumptions of Theorem^ with x = A = ^Jrom the 
inequality \2.9\) we get the following Simpson type inequality or fractional integrals 



< 



1 
6 

b — a 



/(a) + 4/(^)+/(6) 



r(q + l)2 
(b-a) a 



a—l r 



j ( V)- /(o) + J (Vr /(&) 



Ai [a, - 
4 V 3 



sup 



,|/' (0)|}+SU P 



, f a + b 



\f'(b)\ 



Corollary 8. Under the assumptions of Theorem^ with x = A = OJrom the 
inequality \2. 9\) we get the following midpoint type inequality or fractional integrals 



a + b\ r(a+l)2 c 



(b-af 



J^ r f(a) + J^ )+ f(b) 



< 



b-af 1 



4 V a + 1 

, f a + b 



sup 



/' 



a + b 



sup 



, !/'(&)! 
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Corollary 9. Under the assumptions of Theorem^ with A — IJrom the inequality 
\2. 9\) we get the following trapezoid type inequality or fractional integrals 



(x-a) a f(a) + (b-x) a f(b) T(a + 1) 



< 



b — a 
a \ I (x — a) c 



6- 



[J£-f(a) + J« + f(b)} 



a + 1 J I b — a 

a+1 



[ S up{|/'(aO|M/' (a)\ q }]« 



b — a 



[su V {\f'(x)\ q ,\f'(b)\ q }Y 



Corollary 10. Let the assumptions of Theorem [5| hold. If |/'(x)| < M for all 
x G [a, b] and A = 0, then from the inequality \2. 9\) we get the following Ostrowski 
type inequality or fractional integrals 



(x — a) a + (b — x) c 



b — a 



m - r( " +1) [j?-f(a) + j:+f(b)} 



b — a 



< 



M 
a + 1 



(x - a) a+1 + {b~ x) a+1 
b — a 



2.3. For m— convex functions. Similarly lemma [l] we can proved the following 
lemma 

Lemma 2. ,Let f : I C K — > M be a differ entiable mapping on 1° such that f G 
L[ma,mb], where m G (0,1], ma,mb G / with a < b. Then for all x G [a,b] , 
A G [0,1] and a > we have: 



Sf (mi, A, a, ma, mb) 



m a (x — a) 
b~, 



a+1 



(t a - A) /' (tmx + m (1 - t) a) dt 



m a (b — x) 
b — a 



a+1 



(A - t a ) f (tmx + m(l-t)b) dt. 



Theorem 6. Let f : I C [0, oo) — > R be a differentiable function on 1° such that 
f G L[ma,mb], where m G (0, 1], a, b G I ° with a < b. If \f'\ q is m— convex on 
[ma,mb] for some fixed q > 1, x G [a, b], A G [0,1] and a > then the following 
inequality for fractional integrals holds 



(2.10) \Sf (mx, A, a, ma, mb) \ 

, , , . i_i I m a (x — a) c 

< A 1 (a,X) 1 « { \ L 

b — a 



\f (mx)\ q A 2 (a, A) + m \f (a)\ q A 3 (a, A)) ' 



m a (b — x) 
b — a 



a+1 



(I/' (mx) \ q A 2 (a, A) + m \f (b)\ q A 3 (a, A)) ■ 
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where 



A 1 (a,X) = — A, 

a + 1 



A 2 (a, A) 



A 3 (a, A) 



a\ 1+ ~ + 1 A 
a + 2 2' 
2aA 1+ ° + 1 aA 1+ ° + 1 A 



a+1 a+2 2 

Proof. We proceed similarly as in the proof Theorem [4] From Lemma [2] property 
of the modulus and using the power-mean inequality we have 

15/ (mi, A, a, ma, mb)\ 
< m " t| ~ ^y"|i Q -A|dtj ^1*" - A| |/'(<ma; + m(l-t)a)| 9 rft 



(2ti ffi° ^ _ ^ U \t a -\\dtj ly |t"-A||/'(<ma; + m(l-t)&)| 9 dt 

Since is m— convex on [ma, mb], for all t S [0, 1] 

|/' (tma: + m (1 - t) a)| 9 < t \f {mx)\ q + m (1 - t) |/' (a)| 9 

and 

|/' (tout + m (1 - t) < t \f {mx)\ q + to (1 - t) |/' (6)| 9 . 
Hence by simple computation we get 
l l 

|i Q - A| |/' (tmx + m a) | 9 di < / |t Q - A| t \f {mx)\ q + m (1 - t) \f (a)\ q dt 

'2aA 1+ °+l aA 1+ °+l a" 



i \ ? / i 



(2.12) +m|/'(a)f 
and similarly 



a+1 a + 2 



\t a - A| |/' (tmx + to (1 - t) 6)| 9 dt < I \t a -X\t \f (mx)\ 9 + m (1 - i) |/' (6)| 9 dt 

aA 1+ «+l a\ 



|/'(mx)| 9 



(2.13) +m |/'(&) 



a + 2 2 I 

'2aA 1+ =+l aA 1+ =+l a' 



a+1 a+2 2 



If we use (j2~T2"|) . (|2~T3)) and (|2~g|) in (|2~TT|) . we obtain the desired result. This 
completes the proof. □ 



ON GENERALIZATION OF DIFFERENT TYPE INEQUALITIES 



11 



Corollary 11. Under the assumptions of Theorem [6] with q = 1, the inequality 
12.1(A) reduced to the following inequality 

\a+l 



\Sf (mx, A, a, ma, mb)\ 



< 



m a (x — a) 
b — a 



(I/' (mx)\A 2 (a, A) + m \f (a)\A 3 (a, A)) 



m a (b — x) 
b — a 



a+l 



(I/' (mx)\A 2 (a, A) + m \f (b)\A 3 (a, A)) 



Corollary 12. Under the assumptions of Theorem\^with x = A = ^,from the 
inequality \2. 1 0\) we get the following Simpson type inequality or fractional integrals 



m a (b-a 
1 



,Q-1 J 



St m 



a + b\ 1 



. ,a,ma,mb 
3 



6 



f(ma) + 4/ 



m(a + b) 



< 



m(b-a) x-\ ( 1 



a, — 
3 



f(mb) 



, f m(a + b) 



r(a + l)2 Q ~ 
m a (b — a) a 



J ? m (a+t) yf(ma) + J "^+ h) . + f(mb) 



r 



, ( m(a + b) 



r 



A 2 \a,-\+m\f (b)\ q A 3 [a 



A 2 [a,\)+m\f(a)\ i A 3 [a^ 



1\\ " 



Corollary 13. Under the assumptions of Theorem® with x = ^j^, A = 0,from the 
inequality \2. 1 0\) we get the following midpoint type inequality or fractional integrals 



m a (b — a) c 



S f m 



a + b 



, 0, a, ma, mb 



m(a + b)\ r(a + l)2 c 



< 



/ 



m(b — a) f 1 



m a (b — a) a 
i / 

l V 



J' 



a+l J \a + 2 



(a+l) 



, / m (a + b) 



+ m\f (a)p 



(a + l) 



, ( m(a + b) 



m\f'(b)\ q 



Corollary 14. Under the assumptions of Theorem® with A = ljrom the inequality 
i2.1(A) we get the following trapezoid type inequality or fractional integrals 

\Sf (mx, 1, a, ma, mb)\ 

(x~a) a f(ma) + (b-x) a f(mb) T (a + l) 



< 



b — a 

i / 

1 \ q I (x - a) 



m a+l (fr _ a j 



[J? nx -f(ma) + J? nx+ f(mb)} 



a + l J \2(a + 2)J b-a 



a+l 



[(a + l)\f(mx)\ q + (a + 3)m\f (a)\] 



+ {b [(a + 1) \f (mx)\ q + (a + 3) m \f> (b)\] « | . 

Corollary 15. Let the assumptions of Theorem® hold. If < M for all 

u G [ma, mb] and A = 0, then from the inequality H2.10\) we get the following 



12 



iMDAT i§CAN 



Ostrowski type inequality or fractional integrals 



(x — a) a + (b — x) c 



mM 



b — a 

1 \ f a + m + 1 



i 



Q 



m"^ 1 (b - a) 

{x - a) a+1 + (b- x) c 
b — a 



for each x G [a, b] 



[3. 

[s: 

[6. 
[7. 

p: 

[9 
[10 

[11 
[12: 

[is; 
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